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ABSTRACT

In this paper we have studied some properties of ideals in
ternary semigroups.We have also studied some properties of
regular ternary semigroups.We have presented some definitions
and prepositions related to them.
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1. INTRODUCTION

J. Los[6] studied some properties of ternary semigroups and
proved that every ternary semigroup can be embedded in a
binary semigroup. D.H. Lehmer[5] gave the definition of a
ternary semigroup.Banach showed by an example that a ternary
semigroup does not necessarily reduce to a binary semigroup.
F.M. Sioson[4] studied ideal theory in ternary semigroups and
gave the definitions of ideals.The notion of regularity was
introduced and studied by J.von Neumann [7] in 1936.
F.M.Sioson [4] introduced the notion of regular ternary
semigroups.

2. PRELIMINARIES
2.1 Definition

A ternary semigroup is a non-empty set S together with a ternary
operation which has the property of association:

(abc)de = a(bcd)e = ab(cde)
foralla,b,candd inS.

2.1.1 Example

The set {—i, 0, i} is a ternary semigroup under the multiplication
over complex number and is not a binary semigroup under this
multiplication.

2.2 Definition
A non-empty set T of a ternary semigroup S is called a
subsemigroup of Sifa € T,b € T and ¢ € Timply abc € T.

2.3 Definition

A ternary semigroup S is called:

(i) left cancellative if abx = aby impliesx =y for all a,b,x,y
inS

(ii) right cancellative if xab = yab impliesx =y for all a,b,x,y
inS

(iii) lateral cancellative if axb =ayb impliesx =y for all
a,b,x,yinS

(iv)cancellative if S is left, right and lateral cancellative. [

2.4 Definition

An element e of a ternary semigroup S is called:

(0) left identity of S if eea = aforalla in S

(i) right identity of S if aee = aforall a in S

(iii) lateral identity of S ifeae = aforallain$

(iv) two sided identity of S if e is left and right identityofS
(v) identity of S if e is left, right and lateral identity of S.

2.5 Definition
An element z of ternary semigroup S is called a zero element of
S if zab = zza = zaz = azb = abz = azz=zforalla,b inS

2.5.1 Example

In the closed interval I =[0,1] we define xyz = min(x,y, z)
forallx,y,z € I.

Let we show that 0 is a zero element and 1 is an identity of S.
For all x € I, 1xx = min{1,x,x} = x, x1x = min{x, 1,x} = x,
xx1 =min{x,x,1} = x, 11x = min{1,1,x} = x, 1x1 =
min{1,x, 1} = xdhe 1xx = min{1,x, x} = x. Moreover, for all
cy€el we
have 0xy = min{0,x,y} = 0, x0y = min{x,0,y} =0, xy0 =
min{x,y,0} = 0, x00 = min{x, 0,0} =0, 0x0 =

min{0,x,0} = 0 and x00 = min{x, 0,0} = 0UJ

2.6 Preposition

Let X be any set and (o)a ternary operation in X such that
xoyoz=zforall x,y,zin X.Then, X is a ternary semigroup
under the operation (o).

2.6.1 Proof
For all x,y,z,u,win X, (xoyoz)ouow=zouow=w,
xo(yozou)ow=xouow=w and

xoyo(zouow)=xo0yow=wl|

A ternary semigroup X(o) is called a right zero ternary
semigroup in X.

In a similar way one may prove that:
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2.7 Preposition

Let X be any set and(*) a ternary operation in X such that x *
y x z=x forall x,y,zin X. Then, X is a ternary semigroup
under the operation (*)[]

A ternary semigroupX(x) is called a left zero ternary
semigroupin X.

2.8 Preposition
LetS be a left zero ternary semigroup. Then Sis right
cancellative.

2.8.1 Proof

Let a, b,x,yin Ssuch that xab = yab. Since S is a left zero
ternary semigroup we have xab = xand yab = y. Thus x = y.[l
In a similar way one may prove that:

2.9 Preposition
LetS be a right zero ternary semigroup. Then Sis left
cancellative.[]

2.10 Preposition

An element e of a ternary semigroup S is called idempotent if
eee = el

It is clear that a zero element and identity are idempotent
elements. The converse is not true in general.

The sets {0}, {1} and {e}, where e is an idempotent element, are
ternary subsemigroups of S.

2.11 Preposition
Le e be an idempotent element of a left cancellative ternary
semigroup S. Then e is a left identity of S.

2.11.1 Proof

For all a €S, eea = eeeeeea and since S is left cancellative
we have a = eeeea. Also

eee = eimplya = eeal

In a similar way one may prove that:

2.12 Preposition
Le e be an idempotent element of a right cancellative ternary
semigroup S. Then e is a right identity of S.[

2.13 Preposition
LetS;and S,be two ternary semigroups.The mapf:S; — S,is
calleda homomorphism iff (abc) = f(a)f(b)f(c).[!

3. IDEALS IN TERNARY SEMIGROUP
3.1 Definition

A non-empty subset A of a ternary semigroup S is called:
(D)left ideal of S if SSACA

(id)right ideal of S if ASScA

(iii)lateral ideal of S if SASCA

(iv)two sided ideal of S if A is a left and right ideal of S
(v)ideal of S if A is a left, right and lateral ideal of S. [

3.2 Definition
An ideal I of a ternary semigroupSwith zeroOis calledproper if
I #{0}dhel =S

3.3 Definition
A ternary semigroup S is called:
(i) left simple if S has no proper left ideals

(ii) right simple if S has no proper right ideals
(iii) lateral simple if S has no proper lateral ideals
(iv) simple if S has no proper ideals.
It is clear that every left [ right, lateral, two sided, ideal] ideal
of a ternary semigroups is a ternary subsemigroup of S.

3.4 Preposition
Let S be a ternary semigroup. Then, SSa is a left ideal of S, for
allains.

3.4.1 Proof
For allx, y, s1,s, € Swe haves;s,(xya) = (s15,x)ya € SSal’]
In a similar way one may prove that:

3.5 Preposition
Let S be a ternary semigroup. Then, aSS is a right ideal of S, for
allains.

3.6 Preposition
A ternary semigroups is left simple if and only if SSa = S for
all ain S.

3.6.1 Proof

For all a in S,SSa < S. Preposition 2.4.implies that SSa is a left
ideal of Sand since Sis left simple we have SSa = S.

Conversely, let Lbe a left ideal of S. For alla € Lwe have SSa =
S.This implies that for allx € S,x = bca with b, ¢ € Sand since
L is a left ideal of Swe havex € L. Thus S < L. We have also
that LS. Hence L = S

In a similar way one may prove that:

3.7 Preposition
A ternary semigroup S is right simple if and only if aSS = S for
allains.

3.8 Definition

Let S be a ternary semigroup and a an element of S.

()(a); =auUSSais called the principal left ideal of S
generated by a

(it)(a), = auUaSSis called the principal right ideal of S
generated by a

(iti)(a),, =a U SaS U SSaSSis called the principal lateral
ideal of S generated by a

(iv)(a) = a U SSa U aSS U SaS U SSaSSis called the principal
ideal of S generated by a.

3.9 Preposition
Let S be a ternary semigroup. Then, for all a € S, (a),.SS =
aSS and SS(a); = SSa.

3.9.1 Proof

First let we show that (a),SS=aSS. It is clear that
aSS c(a), SS, forall a € S. Now letx € (a),sq1,s, € S.

If x = athenxs;s, = as;s, € aSs.

If X € aSS,x = as3s, with s3,s4 € S. Then, xs;s; =
(as354)81S; = as3(s4515;) € aSS. Thus(a),SS = aSS.  Now
let we show that SS(a); = SSa. It is clear thatSSa < SS(a);.
Lets;, s, € Sandx € (a);.

If x = a,s;5x = s;5,a € SSa.

If x € SSa, x = s3s,awithsz,s, € S.

Then s;s,x = 515,(5354a) = (515,53)s4a € SSa.
HenceSS(a),;c SSa.[
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3.10 Preposition
Let S be a ternary semigroup, L a left ideal of S and X a non-
empty subset of S. Then, LXX is a left ideal of S.

3.10.1 Proof

Let a€L,x;,x, €Xand sq,s, €S. Then, s;sy(ax;xy) =
(s15,a)x1x, € LXX sinces;s,a € L due to the fact thatLis a left
ideal of S

In a similar way one may prove that:

3.11 Preposition
Let S be a ternary semigroup ,R a right ideal of S and X a non-
empty subset of S. Then, XXR is a right ideal of S. [

3.12 Preposition

Let S be a ternary semigroup, L a left ideal of S, R a right ideal
of S and M a lateral ideal of S. Then, LMR is a two sided ideal
of S. Moreover RMLc RNnM N L.

3.12.1 Proof

Let a€lL,beM,ceRand s;,s, €S. Then, s;s,(abc) =
(s1s,a)bc € LMR sinces;s,a € L due to the fact thatLis a left
ideal of S. ThusLMRis a left ideal ofS. We have also
that(abc)s;s, = ab(cs;s;) € LMR since cs;s, € Rdue to the
fact that Ris a right ideal ofS. ThusLMR is a right ideal of S.
Now let we show thatRMLcRNMnNL. Leta€R,b€
Mandc € L. Then,abc € R since R is a right ideal of S. We have
also thatabc € M sinceMis a lateral ideal ofS. On the other
side abc € L since L is a left ideal ofS. This implies that abc €
RNMNL

3.13 Preposition

Let A be a two sided ideal of a ternary semigroup S and B a two
sided ideal of A such that B3 = B. Then, B is a two sided ideal
of S.

3.13.1 Proof

Since B® = Bwe have that SSB = SSBBBcSSAAB—AABCB.
This implies thatBis a left ideal of S. We have also that BSS =
BBBSScBAASScBAACB. This implies thatB is a right ideal
of S.

3.14 Definition

Let S be a ternary semigroup. An ideal I of S is called:

(i) strongly irreducible if I; n I,cIimplies ;I or I,cl

(it) weakly irreducible if ; NI, = I'implies; =l or I, =1,
for any two ideals I; and I, of S|

3.15 Definition

Let S be aternary semigroup. An ideal P of S is called:

(i) prime ideal of S if I, I,I3cP implies I;cP or I,cP or I3cP
for any three ideals I, I,, 15 of S

(ii) completely prime ideal of S if xyz € P implies x € P or
y € P or z € P for any three elements x, y, z of S

3.16 Definition

LetSbe a ternary semigroup. An ideal Tof Sis called:

(i) semiprimeifllIcTimpliesIcTfor any ideallofS

(ii Ycompletelysemiprimeifxxx € Timpliesx € Tfor any element
xof S
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4. REGULARITY IN
SEMIGROUPS

4.1 Definition

A ternary semigroup S is called regular if for all a € Sexists
X,y € S suchthat a = axaya.

It is clear that in a ternary semigroup S we have SSS = S.

4.2 Definition

An ideal I of a ternary semigroup S is called regular if 1U
RML = RN M n L for any right ideal R, lateral ideal Mo,
left ideal Lol.

TERNARY

4.3 Preposition
Every regular and strongly irreducible ideal is prime.

4.3.1 Proof

LetSbhe a ternary semigroup and/a regular and strongly
irreducible ideal of S. Let I;I,I3cl. Then ;1,13 U I =1. Also,
since Iis a regular ideal we havel, ,I; U I =1, NI, N I3l and
since Iis strongly irreducible we havel;cl orl,cl orl;cI.When
cel is prime.

4.4 Preposition
Every regular ideal is semiprime.

4.4.1 Proof

Let S be a ternary semigroup and I a regular ideal of S. Let
JJJ<l. Then, JJJul=1. Since I is a regular ideal we have
JJJul=JnJnJ=]cl. Hence lis semiprime.

4.5 Lemma

Let @ :S > T be a one-to-one homomorphism of a ternary
semigroup S to a ternary semigroup T. Then, im® is regular. If
f is an idempotent element of im@, then exist an idempotent
element e of S such that @(e) = f.

4.5.1 Proof

For all z € im®, z = @(a) witha € S. Since S is regular, exists
X,yES such that a = axaya. Then,
®(a) = P(a)P(x)P(a)@(y)P(a) since @ is

homomorphism.Thus z = zuzvzwithu = ®(x)and v = ®(y).
This implies that im® is regular. Now let f be an idempotent
element of im®. Then, fff = f and exist e € Ssuch that®(e) =
f. Thusf = @ (e)P(e)®(e) = d(eee)and since®is one-to-one
we haveeee = e.

4.6 Preposition
Let S a regular ternary semigroup, R a right ideal of S, L a left
ideal of S and M a lateral ideal of S. Then, RML=RnNnMnN L.

4.6.1 Proof

Preposition 2.12.impliessRMLcRNM NL. Leta€ RNM N L.
Since S is regular exists x,y € S such that a = axaya. Since
a € M and M is a lateral ideal of S we have xay € M. We have
alsothata € Rand a € L. Hence a € RML.
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5. CONCLUSION

Many concepts in binary semigroups extend similarly to ternary
semigroups. In this section we presented some properties of
ideals in ternary semigroups and regular ternary semigroups. All
of these help us to find out the structure of a ternary semigroup.
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