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ABSTRACT

A fundamental solution of the elasticity theory equations for
transversely isotropic plates was obtained. To construct the two-
dimensional elasticity theory equations, the approximation
method of displacements, stresses and strains using Fourier series
by Legendre polynomials on the transverse coordinate was used.
This approach has allowed to take into account the transverse
shear and normal stresses. Since the classical Kirchhoff-Love
theory does not consider these stresses, the research based on the
refined theories of the stress-strain state of transversely isotropic
plates under concentrated force actions is an urgent scientific and
technical problem. The fundamental solution of these equations
was found using the two-dimensional Fourier integral transform
and the generalization method, built with a special G-function.
The method allows to reduce the system of resolvent differential
static equations of flat plates and shells to a system of algebraic
equations. Then the inverse Fourier transform restores
fundamental solution. Numerical studies that demonstrate
behavior patterns of the stress-strain state components depending
on the elastic constants of transversely isotropic material were
performed. The approach demonstrates the development of the
refined theory of plates and shells based on the three-dimensional
elasticity theory.

Keywords
Transversely isotropic plates, refined theory, force actions, special
G-function

1. INTRODUCTION

Engineering structures from thin-walled structural components
exposed to considerable force actions are widely used in modern
technology. Additional difficulties in the numerical estimation of
thin-walled structural elements are introduced by concentrated
nature of the force impacts.

In the paper for bringing the three-dimensional problem for
transversely isotropic plates to the two-dimensional one the
expansion method of the required functions in Legendre
polynomials from the normal coordinate is used. This approach
allows us to take into account the transverse tangent lines and
normal stresses. On the basis of this approach with the help of
equations for transversely isotropic plates the method is developed
to calculate the stress-strain state (SSS) under the action of
concentrated force impacts.

2. LITERATURE REVIEW

Development of methods for constructing fundamental solutions
(solutions corresponding to concentrated impacts), equations of
the theory of thin elastic plates and shells are dedicated large
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number of publications. Problem statement, methods for their
solutions and a number of concrete results are presented in
monographs and scientific articles of S.A. Ambartsumyan [1],
A.L. Gol'denveizer [2], W. Fliigge [3], S. Lukasiewicz [4], as well
as in a number of reviews of V.M. Darevsky [5], Y.P. Zhigalko
[6] and others.

From the analysis of these studies we can conclude that there are
two approaches to the construction of fundamental solutions of
equations of thin elastic plates and shells.

The first is the study of singular solutions of homogeneous
differential equations corresponding to a specific concentrated
action.

Such an approach has been successfully used for the spherical
shell by A.L. Gol'denveizer [7], for shallow spherical and
cylindrical shells by I.N. Vekua [8], E. Reissner [9] and then for
shallow shells of double curvature - N.A. Kiel [10], R. Ganowicz
[11], A. Jahanshahi [12].

A major shortcoming of this approach is that for the definition of
a singular solution, corresponding to a particular concentrated
action, it is necessary to satisfy the system of geometric and static
conditions in the vicinity of the singular point. Sometimes,
especially for non-spherical shells, it leads to erroneous results, or
to solutions containing excess regular solutions.

The second approach leads to the solution of differential equations
with right-hand sides of the Dirac delta function. This used a
variety of methods for constructing fundamental solutions. The
most common of them - the Fourier integral method - developed
in the works of P.M. Velichko, Y.A. Shevlyakova, V.K.
Khizhnyak, V.P. Shevchenko [13 - 15], S. Lukasiewicz [16], J .
Sanders [17], J. Simmonds [18].

All of these methods have been developed to study the nature of
the component features of the stress-strain state of plates and
shells, or to study the strength of plates and shells under local
loads.

From this brief overview it is clear that for development of
methods for solving boundary value problems in the theory of
plates and shells the most suitable is a method of the two-
dimensional Fourier integral. The theory of applying Fourier
transform for solving partial differential equations with constant
coefficients set forth in the works of V.S. Vladimirov [19] L.
Schwartz [20] R. Edwards [21]. This method allows us to bring
the system of resolving differential static equations of shallow
plates and shells to a system of algebraic equations. Then the
inverse Fourier transform restores the fundamental solution.
Methods of treatment of the fundamental solution essentially
depends on the type of the system of differential equations, so in
this paper importance is given to the development of handling
methods of integral transforms.
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Thus, these examples illustrate the high effectiveness of the
methods of fundamental solutions for the determination of the
local SSS of thin elastic plates and shells with stress
concentrators.

Expansion method in the thickness coordinate using Legendre
polynomials is proposed in 1955 by I.N. Vekua [22]. Here, by the
projection method are derived differential equations of
equilibrium (movement) of prismatic shells of variable thickness
with respect to moments of stress component. On the basis of
Hooke's law for an isotropic body by multiplying the
corresponding equations in Legendre polynomials, and integrating
over the thickness coordinate relations are drawn between
moments of stress components. Formulation of initial and
boundary conditions is given. Method proposed in [22] spreads
into thin shallow shells of variable thickness [13]. Cases of zero
(N = 0) and the first (N = 1) approximation are considered in
detail. Problems of existence and uniqueness of solutions of
boundary value problems are studied. To a first approximation, a
method is presented for constructing general solutions of the
equations of equilibrium of plates, cylindrical and spherical shells
[23].

A little later (in 1959) P. Chick published work [24], in which the
method of relationships of the component stresses and
displacements in series of Legendre polynomials is used to create
the equilibrium equations of shells of revolution. The system of
differential equations connecting the expansion coefficients of
stress components is obtained from the variational principle of
possible displacements. The second group of equations that
establishes a connection between the coefficients of expansion of
the components of stress and strain is derived by integrating by
thickness of Hooke's law relationships.

For the construction of the equilibrium equations of isotropic
plates by V.V Poniatowski [25] a method is used (proposed by E.
Reissner earlier for the case of linear stress distribution through
the thickness of the plate), according to which the tangential stress
components are presented in a series of Legendre polynomials of
the thickness coordinate, and the transverse stress components are
determined from the equilibrium equations by integrating them in
normal coordinate with the boundary conditions on the facial
planes. Then, the variational principle of Castigliano is used.
From the variational equations follow the equations of
compatibility and appropriate boundary conditions. Proposed in
[25] method is used to derive the equilibrium equations of
anisotropic [26] and transversely isotropic plates. It also specifies
the method of integrating the equations obtained.

Classical Kirchhoff-Love theory satisfactorily describes the SSS
of relatively thin transversely isotropic plates, but does not
account for phenomena caused by shifts and compression. On the
other hand, the decision of problems of the theory of elasticity in
the three-dimensional formulation leads to considerable
mathematical difficulties. Therefore, the question of construction
of refined theories is closely linked with the problem of bringing
the three-dimensional problems to the two-dimensional ones.
Thus, the study on the basis of refined theories of SSS of
transversely isotropic plates under the action of concentrated force
impacts is actual scientific and technical problem.

3. THE PURPOSE AND OBJECTIVES OF

THE STUDY

The purpose of this study is to develop the revised theory of
plates, using the I.N. Vekua expansion method of unknown
functions in Legendre polynomials from the transverse coordinate,
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in relation to the problem of determining SSS of transversely
isotropic plates under the action of concentrated force impacts.
Achievement of an object provides:

— bringing the three-dimensional equations of elasticity theory to
the two-dimensional ones by expanding of the unknown functions
in Fourier series in Legendre polynomials with respect to the
thickness coordinate;

— construction of fundamental solutions of these equations;

— study of the impact of the elastic parameters on the SSS of the
plate.

In this paper we used the method of approximation of
displacements, stresses and strains by Fourier series in Legendre
polynomials on the transverse coordinate to output two-
dimensional equations of elasticity theory for the transversely
isotropic plates [27]. The fundamental solution of these equations
is found using a two-dimensional Fourier integral and methods of
treatment, built with a special G-function.

4. PROBLEM STATEMENT

We consider the transversely isotropic plate of thickness of 2h in
a rectangular Cartesian coordinate system x,y,z .

Suppose that the concentrated force F , applied at the coordinate
origin (singular point) acts on the plate. Concentrated force can be
represented as an abstraction (end-largest force) acting on a small
area of the surface [28].

In solving problems about the action of concentrated forces,
required SSS is considered as local that does not extend to the
outer contour line of the plate. Therefore, we consider the plate as
an infinite and assume that the required components of the SSS
tend to zero at infinity. The validity of this assumption is checked
after solving the problem.

The mathematical formulation of the problem consists in a
complete system of equations of the elasticity theory without
considering the boundary conditions on the edges of a real plate.
The system of equilibrium equations of transversely isotropic
plates is based on the theory of S.P. Timoshenko describing the
SSS at bending and consists of [29]:

« geometrical relationships

0
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€x20 ~ ):522 =rxt aXO- (x—=>y). (1)
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Q =A(exzo - ngj (x=>y), v
2
where D :& E , :5h_G
3 142 3
« equilibrium equations
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oX oy

To find a fundamental solution of the system (1) — (3), the vector
components of volumetric forces in formulas (3) should be taken
in the form
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m,(x y)=h?ms(x,y),  my(xy)=h*ms(xy),
a,(x y) = h*a;5(x, y) (x—>y), @)
where m:, m;,q: = const, 5(x, y) — two-dimensional Dirac delta
function [19].

5. DEFINITION OF TRANSFORMS OF
GENERALIZED DISPLACEMENTS

Substituting geometrical ratio (1) in the equations of elasticity (2)
and going to the dimensionless coordinate system x; =x/h,

X, =Yy/h, Xg=2/h, we obtain

My =Do| 21y 22| m, =Dy P24, 00
1= X ) 2 ok, ox )

X,
H=1"Vp,| 21, %% )
2 6X2 6X1
oW oW,
Q=Ag|y1+—>|,  Qu=Ag|ys+—2|,

6X1 6X2

where DOZ%:E%: AO =£.
Eh 31-vy 3E

Stretch bending and torque are determined in relation to the value

Eh? , and shear forces — in relation to the value Eh.
In the dimensionless coordinates we obtain:
oM, . oH 6M Mj .

——=Q+ M = —_— +m, =0,
6X1 6X2 Ql ! OX Xo 6X1 Q2 2
QL o o
6X1 6X2

where m; =m;8(x, %y ), My =My (¥, %,), G =38 (xq, X, ).
Solving specified system, we obtain the transform of generalized
displacements:

7= 1 ml 51 £30v)m &5 Q3 lifl m; &iér
27| Dy p? p?(p? +a? Do p Do p*
«  &éo
-31+v)m , 7
( ) 2 pz p2+a2 ( )
- 1| m &l * & Q3 '52 mf &8s
Vo = +31+v)m =25 —
° 2”{'30 p* rvme p2(p2+aZ) Do p* Do p*
IR t— 2}
p?(p%+a
Gpo | miia mif 6 1 6 1|
27| Dy p* Dy p* Do p* Ag p?
where p? =& +£5, @’ =3(+v)Ag; (&.&) - point

coordinates in the space of transform.

58

ISSN: 2350-0557, Volume-2, Issue-6, November- 2015

6. DEFINITION OF GENERALIZED
MOMENTS AND SHEAR FORCES IN THE
SPACE OF TRANSFORMS

Applying the Fourier transform to equations of Hooke's law (2):
My = Do (i&171 +iv&a72), Mp = -Doli&o7 +ivé),
~ 1-v o~ L~
H=-—- Do(i&x71 +i&172).
Qu=Ag(1—i&Wg), Q= Ag (7 —i&Wp).
Substitute the previously obtained transforms of generalized

displacements (7) to the transforms of bending moments, torque
and shear forces (8):
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Then, bending moments in the space of transforms are written as

=222 @y (21, 85)=
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You must now turn ratio (11), to find the original of internal
power factors.

7. FINDING THE ORIGINAL OF
INTERNAL POWER FACTORS

First, we find the originals of functions (10) using a Fourier
integral [30]
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[2, .2 X X [L2 2

xGl'l(a Xl +X2 jj:Qg(Xl,Xz)Z 21 ZZGlVl(a Xl +X2j'
X1 + X3

where Gy, (rz) - a special G-function [31].

Applying inversion formula for the two-dimensional Fourier

integral (12) to the transforms of internal power factors (11) and

taking into account the expression (13), we write expressions for

My, M5y, H, Q;, Q,inthe space of the originals
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We see that the expressions obtained for the moments have a
singularity in the form of a logarithmic singularity. The
expressions for the shear forces have the same feature, which G -
function. Obtained solutions can then be used as the core of
integral representations in problems of equilibrium of plates
weakened by defects such as cracks and fine inclusions.

8. THE RESULTS OF STUDIES OF THE
ELASTIC PARAMETERS INFLUENCE ON
THE PLATE SSS USING THE DEVELOPED
TECHNIQUE

To study the features of the SSS of transversely isotropic plates
under concentrated force action set: m; =m, =q3 =1.

Results are presented in a dimensionless Cartesian coordinate
system g, Xy .

Numerical studies were carried out for the following materials of
plates: lead and zinc. Poisson's ratios (v) for these materials are
0.446 and 0.212, respectively [32]. Parameter of sliding

compliance is E =26.

G
Fig. 1-3 shows graphs of changes of generalized moments
M;,M, H (MIMZHJ along the abscissa axis These
10° '10° '10°

graphs show that with decreasing of Poisson's ratio values of
generalized moments increase.
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-3 -25 -2 -15 -1
xl

Figure 1. The bending moment M;: 1 - material is lead; 2 -
material is zinc

Figure 2. The bending moment M,: 1 - material is lead; 2 -
material is zinc
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Figure 3. Torque H: 1 - material is lead; 2 - material is zinc
Fig. 4 and 5 shows graphs of the generalized forces

Q. Q, [&&] respectively. These graphs show the
10° 10°

independence of the generalized forces Q;,Q, from the elastic

constants.

0.5
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Figure 4. Shear force Q;: 1 - material is lead; 2 - material is

zinc
025
0.2o
015
1,2
o.1ao
ons
-§ -7 -6 -5 -4 -3 -z -l

Figure 5. Shear force Q,: 1 - material is lead; 2 - material is
zinc

61

These studies allow investigating analytically the behavior of
internal force values depending on the elastic constants of
different materials and investigating the nature of the special
moments and shearing forces in the concentrated actions.

9. DISCUSSION OF RESULTS OBTAINED
BY THIS METHOD

As noted above, the classical Kirchhoff-Love theory satisfactorily
describes the SSS of relatively thin transversely isotropic plates,
but does not account for phenomena caused by shifts and
compression.

The developed method allows the calculation of generalized shear
forces and bending moments for plates subjected to the action of a
force applied at the origin of the coordinate system. In contrast to
the studies carried out by other authors, here we use the
equilibrium equations of transversely isotropic plates on the basis
of the theory of S.P. Timoshenko describing the SSS at a bend.
This makes it possible to consider the shells and plates which
have a thickness of about 1/5 with respect to the characteristic
size.

Because in reality, the forces acting on the structural elements are
always distributed (perhaps on a very small, but finite domains),
the results obtained in this study are preliminary.

The resulting fundamental solution will enable to solve a number
of new problems of bending of plates of medium thickness. In the
presence of concentrated dislocations the fundamental solutions -
Green's functions - are the foundation for building potential
representations as integrals of displacement jumps distributed
with unknown density. Such integral representations can be used
in solving the problems of bending of plates with different kinds
of defects, cuts and incisions. Due to the large depreciation of the
energy, refinery and chemical equipment in Ukraine at the
moment, particularly relevant issue is the problem of extending
the working life of equipment, even in the presence of micro-
defects in it. Calculation of the strength of such elements by using
the theory of shells and plates of medium thickness in the
presence of different kinds of defects based on the obtained
fundamental solutions will facilitate the adjustment of the terms of
reserve maintenance periods, priority of replacement of worn-out
equipment.

The practical significance of these results is the possibility of
using the developed methods for solving problems in the
calculations associated with the design and definition of the
operating parameters of thin-walled structural elements of
transversely isotropic materials under the action of concentrated
force impacts. The results can be used in scientific research
institutes, design organizations and other research institutions
involved in the calculations of thin-walled structural elements.

10. CONCLUSIONS

Fundamental solution of equations of statics transversely isotropic
plates on the basis of a generalized theory was constructed.

Achievement of this objective includes bringing the three-
dimensional equations of elasticity theory to the two-dimensional
ones by expanding the unknown functions in Fourier series in
Legendre polynomials with respect to the thickness coordinate.
This approach allowed us to take into account the transverse shear
and normal stresses. Since the classical theory of Kirchhoff-Love
does not take into account these stresses, the study on the basis of
refined theories of the SSS of transversely isotropic plates under
the action of concentrated force impacts is an actual scientific and
technical problem. The fundamental solution of these equations
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was found using a two-dimensional Fourier integral and methods
of treatment, built with a special G-function.

Numerical studies of the SSS of transversely isotropic plates are
carried out. These studies allowed revealing patterns of behavior
of the SSS components, depending on the elastic constants of
transversely isotropic material.

The resulting fundamental solution makes it possible to solve a
number of new tasks of bending of plates of medium thickness. In
the presence of concentrated dislocations fundamental decisions -
Green's functions - are the foundation for building potential
representations as integrals of displacement jumps distributed
with unknown density. Such integral representations can be used
in solving the problems of bending of plates with different kinds
of defects, cuts and incisions.
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